Abstract. We study a non-autonomous ODE with piecewise-constant coe cients and its associated two-dimensional Poincar e mapping. The ODE models variations in amplitude and phase of a pulse propagating in a lossless optical ber with periodically varying dispersion. We derive semiexplicit exact solutions and use them to locate xed points and to describe their bifurcations and stability types. We also discuss the global structure of the Poincar e map and interpret our results for modulated pulse propagation.
1. Introduction: the model equations. In this paper we study the dynamics and bifurcations of a two-dimensional Poincar e mapping induced by a timeperiodic, piecewise-constant vector eld derived in 1] as a model for the propagation of dispersion-managed breather-type waves in an optical ber. This model arises from physical considerations of realistic soliton-based communications system for which it is desirable to have a high local dispersion, while maintaining a low average dispersion. A fundamental motivation for such a system arises from the need to signicantly decrease four-wave mixing e ects in wavelength division multiplexed soliton systems 2, 3] .
The basic idea is that the e ects of interspersed focusing and defocusing ber lengths mutually compensate for the high local dispersion and permit the propagation of a greater range of signals than is possible in a transmission line with constant properties. Even if such signals su er large distortions within each ber length, on average they may approximately preserve the input waveform due to the balance between average dispersion and intensity dependent nonlinearity. This prompts our particular interest in xed, periodic and quasi-periodic points of the Poincar e map.
In 1] it is shown that solutions to a variational formulation of the nonlinear Schr odinger equation (NLS) governing wave propagation can be rather well approximated by a constrained model in which a two-dimensional subspace of variations replaces the full in nite-dimensional case. Speci cally, we consider a localized pulse of the general form Q(Z; T) = where Q denotes the electric eld envelope normalized by peak eld power. The dispersion is taken piecewise constant and periodic; see Equation (10) below. In (1) F( ) speci es the pulse pro le, and , which vary with distance Z, represent the amplitude and quadratic chirp dynamics, A and are xed normalization constants and is an additional phase factor. Note that, with this ansatz, the pulse energy is constant independent of variations in ; and To determine the dynamics of and , Equation (1) is substituted into the Lagrangian corresponding to (2) 
where
The restricted Euler-Lagrange equations are obtained by taking variations of (3) with respect to and , or, equivalently, via de nition of a canonical \momentum" 
and dropping the bars, these ODEs may be normalized to:
The normalized constant of motion, obtained from the Hamiltonian (5), is
In this paper we study the dynamics and bifurcations of (8) , taking the normalized durations and magnitudes of the piecewise constant dispersion (z) as parameters. Speci cally, we take (z) = (10) with (z) = (z + 2(z ? + z + )), where + ; ? > 0 denote the normalized dispersion magnitudes in the focusing and defocusing bers respectively and z + and z ? the ber segment lengths. Note that, with (10), the vector eld of (8) is Lipschitz in ; and piecewise smooth in z, so existence and uniqueness hold 7].
In Section 2 we discuss the structure of the phase portraits and the symmetries of (8, 10) , showing that these ODEs de ne a reversible dynamical system, and we derive closed form quadrature expressions for the solutions. We use these in Section 3 to obtain explicit conditions for xed points of the associated Poincar e map, and we investigate a sequence of saddle-node bifurcations in which pairs of periodic orbits corresponding to modulated waves with distinct numbers of amplitude maxima are created. Section 4 addresses the global structure of the Poincar e mapping and we summarize in Section 5. 
i.e., if ' t ( 0 ; 0 ) solves (8) , then so does ' ?t ( 0 ; ? 0 ). This is also clear in the mirror symmetry about = 0 of the phase portraits of (8) which all solutions limit from below (resp. above) as z ! +1 (resp. ?1). In the latter case there is a center at (1= + ; 0) surrounded by a family of periodic orbits limiting on a separatrix lled with homoclinic orbits to (0,0) and given by the level set E( ; ) = 0; outside this all orbits approach (0,0) from above (resp. below) as z ! +1 (resp. ?1). In view of the ansatz (1), we are only concerned with 0. The xed point set of R, R = f( ; ) j = 0g ; (12) will play an important rôle in what follows. Note that the periodic orbits intersect R at 2 and 2= + ? 2 and limit on the homoclinic orbit as 2 ! 2= + . We de ne a Poincar e or rst return map P 9] which takes points ( 0 ; 0 ) on the section z = ?(z ? +z + ) to their images under the ow map on the section z = (z ? +z + ). In view of the periodicity of (z), these sections can be identi ed and, as usual, kperiodic points of P correspond to 2(z ? + z + )k-periodic solutions of (8) and invariant curves of P to quasi-periodic solutions of (8) . It is convenient to construct P as the composition of two maps derived from integration of (8) 
Semi-explicit expressions for T can be found by integrating the quadrature resulting from elimination of via the integral (9):
where C = C + (resp. C ? ) speci es the appropriate level set for = + (resp. ? ? ).
Substituting (14) into the rst component of (8) 
The composed map T + T ? (\half" of P), restricted to R, is obtained implicitly by selecting the point 0 and its image 2 , nding 1 = 1 from (20), and using (16) and one of (17-19) to compute the required z ? ; z + . From the phase portraits of Figure 1 and the formulae (16) and (17), a necessary condition for this construction is that
A useful result that can be extracted from (17) is the period of the closed orbits inside the separatrix for = + . Recognizing that when 1 
Thus the period increases monotonically, moving out from the center to the separatrix.
Finally, for short ber switching lengths, when the period 2(z ? + z + ) of (z) is small compared to the dispersion magnitudes , we may de ne the averaged dispersion
and appeal to the averaging theorem ( 9] , Section 4.1) to conclude that the ow map generated by solutions of the averaged equations
provides a good approximation to the Poincar e map of the original system (8). In particular, if > 0 (the case of practical interest, cf. 1]), the averaged phase portrait takes the form of Figure 1(b) , in which the origin is a degenerate xed point with a two-dimensional local stable (resp. unstable) manifold containing a wedge of points above (resp. below) = 0. This local structure in fact holds for > 0 and any z , as can be seen by rescaling Equation (8) 
and averaging can again be applied. We shall use the averaged equations in discussing global behavior in Section 4 below. 
Substituting this expression into the integral (9) (or (21)) with the constant set by the initial condition ( 0 ; 0), we obtain the relationship Figure 2 . Points in T ? R are therefore carried around the closed orbits of Figure 1(b) by the + ow, being rotated by angles linearly increasing with z + ; again see Figure 2 . It follows that, as z + increases from 0 for xed z ? and , there comes a critical duration z + (0) at which the rst nontrivial intersection(s) R \ T + T ? R appear(s). For such an intersection to exist, T ?1 + R must intersect T ? R, and we may use an estimate derived from (19) and entirely analogous to that of Lemma 3.2 to conclude that the image T ?1 + R approaches (0; ?1= + z + ) as ! 1. Since ( ; ) = (1= + ; 0) is xed under T + , an arc in T ?1 + R connects (1= + ; 0) to (0; ?1= + z + ) and must therefore cross T ? R. Moreover, as z + continues to increase, the images T + x of points x 2 T ? R outside ?
are swept around to limit on (0,0) from above, cf. Figure 1(b) . Along with Lemma 3.2, these observations prove the claims.
Numerically solving (8) using a standard (fourth-order) Runge-Kutta scheme, we may illustrate the contents of Lemmas 3.2 and 3.3 as in Figure 2 . Considering this and the + phase portrait of Figure 1(b) , we see that as z + continues to increase, the images T + x of points x 2 T ? R inside ? circulate around the closed orbits, making further intersections with R. Hence there exists an ordered sequence of values z + (k); k = 1; 2; : : : at which additional points in R\T + T ? R are created. See Figure 4 below for an illustration of this. Appealing to Proposition 3.1, we therefore conclude the following: Theorem 3.4. As z + increases for xed z ? and , a sequence of bifurcations occurs at z + (0) < z + (1) < : : : at which xed points of the Poincar e map P appear on R. For z + su ciently large, precisely one of those created at z + (0) survives; it corresponds to a periodic orbit of (8) 
Putting this together with the approximation of (29), we obtain ( ? + + )z 2
Given and z ? this may be solved and 1 found from (32). The resulting asymptotes are also shown on Figure 3 .
The Poincar e map is not generally area preserving; indeed, as the phase portraits of the cases suggest, in some regions it may contract areas, while in others it may expand, depending on parameter values. However, for the xed points corresponding to the symmetric periodic orbits found above, we have: As we have noted in Theorem 3.4, no non-symmetric xed points exist, so the conclusions of this Proposition apply to all xed points of P. Moreover the result easily extends to any symmetric periodic orbit (one for which the periodic point set is invariant under the involution R).
We can now augment the remark following Theorem 3.4 to observe that if saddlenode bifurcations do occur as indicated in Figure 3 , then they each create a pair of xed points, one hyperbolic and one elliptic. As already remarked, this generic situation evidently does occur. From Proposition 3.1 and the proof of Theorem 3.4, the creation of xed points is governed by the structure of the image T + T ? R. With , z ? and the set T ? R xed, the behavior of T + T ? R with increasing z + is illustrated in Figure 4 . The creation of pairs of new intersection points, apparently by nondegenerate (quadratic) tangencies, is clear. These intersections correspond to the 1 values shown on Figure 3 at the appropriate z + 's. 4 . Global structure of the Poincar e map. We now turn to the global structure of the Poincar e map P. Figure 5 shows Poincar e sections for four di erent choices of switching period 2(z ? + z + ) and di erent ratios z + =z ? . In each case the orbits of several di erent points are plotted. The most striking phenomenon is the increasing size of the chaotic regions as the period grows.
The short period case (2(z ? + z + ) = 0:06) is easily understood in terms of the averaged equations (26). From (25), = 1=3 and we see that the (unique) xed point (a center) lies near that of the averaged system at ( ; ) = (3; 0) and that the (approximate) separatrix also lies close to that of the averaged system, intersecting the -axis near = 6. Since by the averaging theorem, iterates of the map remain close to the (integrable, planar) ow of (26) on a time scale of O(1=2(z ? + z + )), there is little evidence of chaos, even near the separatrix.
As the period increases, the size of the chaotic region, initially a thin band around the separatrix of the averaged system, grows, but as expected from KAM theory for reversible systems 11], a set of invariant closed curves centered on the elliptic xed point survives. In the nal picture (2(z ? + z + ) = 20:2; z + =z ? = 100), multiple xed points are evident, as one expects from Theorem 3.4; the elliptic points are still surrounded by closed curves but the hyperbolic saddle points lie in broad chaotic regions.
As Devaney shows in 10] (Proposition 3 and Corollary 4), if p is a symmetric saddle point of a reversible map such as P, then the stable and unstable manifolds of p are interchanged by the involution R (R(W s (p)) = W u (p) and R(W u (p)) = W s (p)) and so, if there is a point q 2 R\W s (p) with q 6 = p, then W s (p) and W u (p) intersect at q, and q is a homoclinic point. This fact, and the analogous mirror symmetry about R of invariant closed curves, accounts for the re ection symmetry apparent in the portraits of Figure 5 . Also note that the nal picture shows a period two island symmetrically placed about the xed point at 0:93.
5. Conclusions. The results derived in this paper have interesting physical implications for the original communications problem which motivated the work. For example, if we want well-controlled periodic modulation, it is clear that we should operate in the \near-integrable" regime where the period 2(z ? + z + ) is small ( Figure 5 , top left). Then, if the input signal conditions do not exactly match the xed point, we can guarantee that a nearby quasi-periodic state, corresponding to an invariant closed curve, will result. However, the robustness of this situation must be balanced against the possible advantages of selecting from multiple xed points and the corresponding pulses with more than one maximum per period which appear as z + is increased ( Figure 5 , bottom right, and Figure 3 ), although the surrounding \halos of safety" are smaller in these cases. We illustrate the di erent types of solutions in Figure 6 , which shows variations in (z) corresponding to three choices of initial data on the bottom right case of Figure 5 . The upper panel shows a single-maximum periodic orbit launched at the left-most center ( 0:47; inside the \banana"), the lower panel shows a doublemaximum orbit launched near the right-hand center ( 0:93), and the central panel shows a chaotic orbit launched at 1:4. The single maximum per period evolution has been realized in experiments and in PDE simulations 1], and such solutions are currently of considerable interest in practical soliton communications systems 2, 3, 4, 5]. The multiple-maxima breathing pulses found for the present ODE model will be sought and studied in future work on the PDE, although, in contrast with the single-loop breathers 1], close quantitative agreement is not expected between the ODE and PDE dynamics of these solutions due to the pulse shaping expected for higher-order soliton dynamics. Nonetheless, qualitative agreement may point the way to future applications as a means of transmitting an N-pulse dispersion-managed soliton.
It is frustrating that the semi-explicit solutions given in Section 2 do not provide more direct information on the behavior of the map P. However, they can be used in a \design" process as follows. Suppose that we want to propagate a periodically varying breather with speci ed extrema in amplitude (or width). This corresponds to picking 2 and 1 or 0 (the latter being related by the quadratic expression (20), once 2 is known), and using (16) and one of (17-19) to compute the required ber lengths z ? and z + directly. 
